Abstract Multidegree of freedom nonlinear differential equations can often be transformed by means ofthe method of averaging into equivalent systems with only high-order terms. Under appropriate small-order perturbation conditions these systems have unique surfaces of solutions called integral manifolds. They generalize the notions of periodic and almost periodic solutions for single degree of freedom systems. In parametric form the integral manifolds satisfy a certain system of partial differential ectuations. Conversely, an Nth-order asymptotic integral manifold is defined as a formal solution of that system of partial differential equations, up to order N in the perturbation parameter. In the main result a system of integral equations is written for the remainder terms. By a contraction argument the system of integral equations has a fixed point, which, added to the Nth-order asymptotic integral manifold, forms an integral manifold for the normal system. By uniqueness this is the integral manifold sought. This implies that the unique integral manifold can be written as a formal series plus high order error terms. As an example a second order asymptotic representation for the periodic solution of a van der Pol oscillator is then developed.
1. Introduction. Multidegree of freedom nonlinear differential equations can often be transformed into systems of the form d(e)+O(t, 0, y, z, e), (1.1) f Ay+ Y(t, 0, y, z, e), .= eCz+eZ(t, O, y, z, e).
The existence of integral manifolds for (1.1) is well known (see Bogoliubov [9, p. 136], [8] ). However, the usual fixed point proofs do not convert easily to direct approximation algorithms. Diliberto and his coauthors [4] , [5] present an indirect technique to approximate invariant tori but give no convergence argument. To the author's knowledge no direct approximation method has yet been shown to converge.
In this paper we define a formal integral manifold as an approximate solution to an appropriate system of first order partial differential equations. As we illustrate in an example in 4, this definition leads to a direct algorithm for generating the formal approximation.
In our main theorem we show that, under certain conditions on (1.1), if a formal approximation to an integral manifold for (1.1) exists, then it converges asymptotically. Using Hale's technique [8] this result extends to integral manifolds for (1.1) an asymptotic result for center stable manifolds in Carr [2, p. Let D, A be fixed positive numbers. We will say, that f P,'(A, D) provided that (1) (2) f is multiply periodic in 0. with vector period to = (to1,""", t Ok), to,>0, i=1,'" ",k, and (3) Define the matrices .J(t), K(t) by
They satisfy -ot+rl(e,D(e),D(e))(l+2(A(e)+y(e)+(e)))<--', ao(e) a(e)+ (e)+ n(e), (3.26b) -ea+rl(e,D(e),D(e))(l+2(A(e)+3,(e)+(e))) <-''-2"
The conditions of Lemma 2.1 are now satisfied. In fact, (3.24), (3.25a) and (3.25b) imply (2.13a). Formulae (3.21a), (3.24) and (3. Furthermore, (3.25h) implies that (3.28) 8/3 A(e, D(e), D(e))(7(e) + (e)) < 7(e)+ (e).
Then, (2.13b) follows from (3.27) and (3.28) . Formula (2.13c) is equivalent to (3.25h From (3.1), (3.19), (3.22) and (3.25e) we have (3.29) I(E(r,s))(t, O,e)l<-2fla-[Bl(e)+B]e<-Ke , (3.30) I(E2(r, s))(t, O, e)l<-_2-[e-n_(e)+ n]e <-_Ke .
E and E2 satisfy the Lipschitz and contraction conditions. From (2.6), (3.9), (3.19), (3.21c) and (3.26a) we have I(E(r*, s*))(t, 0", e)-(E(r, s))(t, 0 , e)l (3.31) =< + 2/3ct-{Ll(e) + (1 + a(e))L(e)}ll(r*, s*), (r, s)ll.
Similarly, using (3.26b), we have I(E=(r*, s*))(t, 0", e)-(E(r, s))(t, 0 , (3.32) <= 4/34-{e + 2/34-1{e -1L3( e + e-( 1 + A( e ))t4( e)ll(r*, *), (r, s)ll.
Formulae (3.24), (3.25d), (3.25f), (3.25g), (3.31) and (3.32)imply that I(E(r*, s*))(t, 0", e)-(E,(r, s))(t, 0 , e)l-< A(e)10*-0l +ll(r*, s*), (r, s)ll, (3.33) I(E2(r*, s*))(t, 0", e)-(E2(r, s))(t, 0 , )l<-_A()lo*-ol/1/41l(r*, s*), (r, s)ll.
Then, if we set r*=r and s*=s in (3.33), we have, with (3.29) , that E maps P(A(e), KeN) x P(A(e), Ke) to itself. If we set 0* 0 = 0 in (3.33) we have that E is a contraction. In particular, liE(r*, s*), E(r, s)ll-<-ll(r*, s*), (r, s)ll. Therefore E has a unique fixed point (ro, So) in PT(A(e), Ke r) p, (/X(e), Ke ). (ro, So) is also in P(Ao(e), Ke)xP'[,(Ao(e), Ke ) since A(e)=<Ao(e)
To complete the proof we must show that (F + ro, G + So) is an integral manifold in PT,(Ao( e ), Do( e P' (Ao(e), Do(e)). Then by uniqueness f F + ro, g G + So and the theorem is complete.
First of all (3.3), (3.4) and .(3..24) imply that (F+ro, P(Ao(e), Do(e)) x P',(Ao(e), Do(e) 
.(t)+ e,(t, o(t), ro(t), o(t), e).
By a similar argument, (3.38) dS=dt eCso(t)+2(t, 0(t), ro(t), So(t), e [10, p. 183], Gilsinn [6] , [7] (4.12 ). This in turn transforms through (4.5) to an approximate integral manifold for (4.3) which corresponds to the known limit cycle for (4.1).
As a final note this procedure extends to multidegree of freedom systems where 0, p in (4.3) are vectors. The algebra becomes more complex but the argument remains the same.
